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NMANEAAAAIKEZ EZETAZEIZ
" TA=HZ HMEPHZIOY N'ENIKOY AYKEIOY
NMAPAZKEYH 9 IOYNIOY 2017

AMNANTHZEIZ ZTA MAOHMATIKA NMPOZANATOAIZMOY

OEMA A

A1. 2x0oAIKO BIBAio ogAida 135
A2.a. ¥

B. ©cwpoupue Tn ocuvaptnon f, pe f(x) = |x|.
H f eival ouvexng ato xo =0 diom (imf(x)=f(0)=0
kai n f dev gival TrTapaywyioiun dIOTI
i £00 - F f()-f(0) _,

0) =-1 ka1 /im
X0 x-0 x—0" x-0

A3. 2XOAIKO BIBAio ogAida 73
A4. a. N\aBoc, B. ZwoTo, Y. AdBoc, 6. 2waTo, &. ZwoTo.

OEMAB
B1. D, = (0, + ) kel Dg = (004 {1 Hoe)

D= {x €Dy /kal g (x) e D}

= Ixe (=0, 1)U(1, +0) kal — >o}
1-Xx
X -0 0 1 +00
X - O + +
1-X + + -
TTNAIKO - O + Ci -

Dy = {xe(-o0, 1)U(1, +0) kal xe(0, 1)} =(0, 1)

(fog) (x) =1 (g () = ng (x) = fn—=—, x (0, 1)
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B2. 1°° 1pd1TOG

/ /

h'(x) = (m%) i >1< '(1)-(x) i 1>-<X'(1 -1X)2 ) X'(11'X)

1-X
Eivar h'(x)>0 oto (0, 1), apan h eival yvnoiwg augouoa,

apan h givar 1-1, dpan h avrioTpéeTal.

2° TpOTTOG

X X X X
h(x,)=h(x,) © h—— =/in—2 =2
(x,) (x2) 1-X, 1-X, 1-x, 1-Xx,

X (1-X,) =X(1-X) & X=X X, TX, - XX, & X =X,

apan h givar 1-1, adpan h avmniotTpéeTal.

oFER S Bl
. | X A\ .
ima (Xh= Cimién—— = (im ¢Au = =eo
X*)O+ X~)O+ - X éi’g,{% =0 uaOJ' h T
X— —
O = =t
¢ . X 1-x .
amh (X) =/ tim{n—— = {imgnt =+
x—>% x=>1 1 =X simmd =], Ll
x»>1T1-X

h((0,1)=D_ =IR

X X
y=/h— & e'=— < e'-xe'=x <
1-x 1-X
ey
e’ =xe’ +x o e’ =x('+1) o x=
e’ +1

X

dpa h''(x) = ,xelR

e’ +1
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' e’ +1 (e + 1)
_ eX(ex +1)_ex.ex _ er +ex _eZX _ ex
(ex +1)2 (ex +1)2 (ex +1)2

apan ¢ eival yvnoiwg autouoa Kal OV €XEl AKPOTATA

o= (&) @) 1Y e e + 1]
v 0= ()  +1)°
_ e(e’ + 1) -e*-2(e* +1)-¢e* _e(er+1)((e" +1-2e%)
(ex +1)4 (ex + 1)4
_e-(1-¢")
(ex +1)3
0 (0)=0 < e(;'x(1+'1e)’:)—o > -eX=0 sl x=0
(p”(X) ), O e(xex(1+'1e):) O = 1 = ex S 0 b
<1 o e <e’ o x<0
X -0 0 +00
¢ '(x) + C) -
? (x) ¥ "

H ¢ civai kupti o010 (-0, 0], evw gival koiAn oto [0, +x)

1 Apa onuEio KAUTTA A(O 1)
11 2 paonu MTTNG >
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X

B4. (im@ (x) = lim— =0, 361 lime* =0

X—>-00 X—>-0 @% + X—>-00

apa €xel opICOVTIa ACUPTITWTN 0TO -0 TNV Y =0 (X'X)

+o0
) . e = . ey e
im @ (X) = £im — = /i (€") - =
X+ x—>+o @% 4+ 1 DLH x—+ow (ex + 1) X—+o @

apa £xel opICOVTIA ACUPTITWTN OTO +o TNV Yy =1

1"“

=

-1
e
-

OEMAT
M. f (x)=-npx kal £(x), ==guvx,—x.e{0., 7]

€ : epatrropevn 1ng C, aTto onueio Tng M (X, , f (X,))
e1y-f(xo) =1(x) (x-%) <

€Y+ NUX, =-0OUVX, (X -X,)

('IT Ll

A 5 ’-E)E(E) <

m _ m
> + NuX, =-OUVX, - 5 %) ©

™ LI
XO_E -cuvxo-nux0+5—0
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1°¢ TpOTTOG
Oewpw TN ocuvdapTtnon q, ME

q (x) = (x )ouvx npx+g xel0, ]

(X- —) OUVX - NUX + g:|

¢ q(0)=q(m=0
¢+ 0<x< 2 = q0)<a() & q()>0

m AN
. 5£x<ﬂ = q(X)>q(m) < q(x)>0

apan q(x) €xel povadikéS piCec TIC X1 =0 Kal X, =TT

g):y-f(0)=f(0)(x-0) < (g):y=-x

> (
> (&) y-fm=Ff(m)-x-m < (g):y=x-m
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2°° TpOTTOGQ

Oewpw TN ouvdapTnon q, ME

q (x) = (x- g)-ouvx-npx+ g xel0, ).

Mpogaveic piCec Ta 0 kal T.
‘EoTtw 611N q €xel kal TpiTn pida p, e O <p <TT.

e H q civaiouvexnc ota [0, p] kai [p, 1]
e H g cival mapaywyioiyn ota (0, p) kai (p, ), UE

q'(x) = [(x- E)-ouvx- NuUX + E]
2 2

= (x - g) - OuwX + (x- g)-(ouvx)' - (Nux)’

= ObVX |+ (x- g)-(-HUX)M

2
e q(0)=q(P)=q(m=0
©. Rolle

utrdpxouv X, €(0, p) Kal x, €(p, 1), TETOIO WOTE
q'(x;)=q(x,)=0

ATOIMO, d16T1n q’(x) pndeviceTar yévo ata O, g KQl TT.

apan q(x) €xer yovadikéG PICeg TIC X4 =0 Kal X =TT

> ():y-1(0)=F(0)-(x-0) & (g):y=-x
> (€,) 1y -f(M=Fm-(x-T) o (g,):y=x-T
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r2. 1" Adon
E, =- IO -nux dx
= IO NUX dx
= [-ouvx]p

= -guvTtr + ouv0

=2
(OAB) = %-(OB)-(AK)
1 ™ _ T
__.'IT.___
2 2 4
.I_I.2
Frm(QAB)E, _(0AB) E, 4 _ T
E, E, FA o o

2" Adon (1< UITOAQVIO u@giol k)

Ef=- jon-npx dx = Ionnpx dx = [-auvx s ‘= -cuvT +euvl, = 2

=4

(OAB) =/ (OB)-(AK) =
E, = (0AB)-E, = —-

1]
2

m |
'IT._ — 1
2 4

-2

E = J'f(-r]px +x) dx + E(-npx - X + ) dx
2

m
o g
= |-OuvxX+ —| +
2

X2 — L3
[-ouvx- — + 'ITle = — 42
2 4

L
2
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3. /im f+x Eim[[f (x) + x]- 1 J = +00, OIOTI
x—>ﬂf(x)-X+T|' X1 f(x)-x+1T
e (im[f(x)+x] =1m>0 «Kal
e /im 1 = +o0, O10TI /im[f(x)-x+ 1] =0
X—TT" f (X) =X+ 1T X—>TT
agou n C, Ppiokeral TTAVW aTTO TV €,
apa f(x)-x+1m>0.
4. 1" Aoon
MNakabe xe[1,e] n C, Ppioketal Tavw amoé v €,, apa
x>0
fx)>x-m < m>'I-E
X X
J.emdx j (1 - —)dx 3
TX X

J'1ff(x)dx>[x mlnxl i jef()dx>e 1-7r

2" Auon
Na kéBe xe[1, e] civai :

x>0

nux<1 < -Nnux>-1 < f(x)>-1 <

M>_1 — jem(jx>je1
1 1

-——dx &
X X X X

jef(x) dx > [-/nx)i < jef(x dx > -1
T X

Opwgeival -1>e-1-1 agou TT>e

ETTOMEVWG I ) dx>e-1-
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©OEMA A
A1. H f civai ouvexhg oto [-1, 0) wg ouvBeon ouveXwv.

H f eival ouvexng oto (0, T wg YIVOPEVO CUVEXWV.

210 X, =0: fi/yf(x)= f/ﬂ)ﬁ/x_“ =0
Xéi/ggf(x) = ﬁrg’l (€*-nux) =0 f ouvexngoto x, =0
f(0)=€’-nud=0

Emopévwe n f gival ouvexng oto [-1, T1].

Avadntoupe Tnv TTapdywyo Tng f

e xel[-1,0):

i 1 ! 2 ,

Fg= (B = (9s) = Toeysoey = 11 e
’ 3 (x)s ;
_ 4x° 4 4x° R e i L
. 33 ¢ Bk BYxE

! PoXx<0 . ;

Foo= ()= (k) s \(08) = %(—x); ()
3
. %-ﬁ-(-n:-“f <0

e xe(0,m: f(x)= (e -nux) =e*-(Nux + ouvx)

- 3 4 - .3_
e x,=0: im X TON _pp X X X (450 = 0
x—0" X - O x—>0 X x—0" X x—0"
pim P02 TO) € X e pim MHX g =
x—0" x-0 x—0* X x—0* x—=0" X
n f dev gival Tapaywyioiun oto x, = 0.
4x 43/-x
] ] — ,Xx€e[-1,0) o 7 xel1,0
Apa f'(x) ={ 3% q =3 X0

e*(nux+aouvx), x € (0,1] e*(nux+ouvx), x € (0,11]
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H f dev mapaywyidetal oto X, =0,

apa 1o X, =0 eival éva Kpiolyo onueio.

Eivar f'(x) <0 orto [-1, 0),
apan f dev éxel kpioua onueia oto [-1, 0).

e* >0

2170 (0, m]: f(X)=0 < e*-(nux+ouvx)=0 < nux+ouvx=0

'IT
NUX+ OUVX =0 < OUVX=-NUX <> OUVX = OUV(E + x) =

X:2K1T-(g +X),K€Z n ,X/ZZK'IT-g + X (aduvatn) <

xe(0, 1]

2x=2K'IT-g,K€Z o X=K'IT—%,K€Z =

K=1

T 3 . ,
X=AT- — < X5 — (KpioiJo onuEio)
4 4
N
NUX [+ ouvx'= 0] <1« Eivai guvx-=.0, O10TI
kX , OUvX 0 < av ouvx = 0, To1e Nux = 0.
OUVX  OUVX
epx+1=0 < Opwg nE’x + ouww’x=1 <
EPpx=-1 < 0% + 0% = 1 (aroTTO)

EPX = ecp(-E) =
4

T x<(0, ] 1 3m, . ]
X=KIT-—,KeZ = X=T- Y & X = T(KplOIpOOF}}JEIO)

K=1

, , , , 31
Emopévwg Ta kpioipa onueia ng f eivai ta x, =0 kal x, = e
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A2. 10 [-1,0) eivanr f'(x) <O.

2TO (O, 3711) n ouvexng f° dev undeviletal,

apa a1rd ouveteleg ©.Bolzano diatnpei otaBepd Trpdonuo
T

'IT I 'IT 'IT I
Kal €TTEION f'(—) =g? ( — + ouv—) =e2 >0
n 5 r]HZ 5
Ba eivar f'(x) >0, yia KGO XE(o, —T).

2T0 (3% ,n} n ouvexng f° dev pndeviceral,

apa atrd ouveTeleg ©.Bolzano diatnpei otaBepd Trpdonuo
kal emreidn) (1) =e™ - (num + ouvtr) =-e" <0

Ba'eival f'(x) <0, o kadBopx e (%T ; 'IT}.

31T

X -1 T

flx) -§T+g-1
AT 2 F R

H f eival yvnoiwg gBivouca ota [-1, 0] kai [BT“ ,ﬂ},

. ] . 31
EVW gival yvnoiwg auvéouoa oTo [O : T}

H f 1Tapouoiadel :
> TOTTIKO MéyioTo yIa X =-1, TV Iy f(-1) =1
> TOTTIKO eAaxioTo yia x =0, Tnv Ty f(0)=0

.y _3m . (3T V2
> TOTTIKO JEYIOTO YIQ X = R TNV Ty f il 7e“

> TOTTIKO eAAXIOTO yIa X =11, TNV TIu f(1m) =0
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e A, =[-1,0]
H f eival ouvexng kai yvnoiwg ¢Bivouca oto A,

f(-1)=1 _
f(0)=0} = f(A)=1[0, 1]

° A2 = (0’3_1-[)

4
H f eival ouvexng kai yvnoiwg avgouoa oto A,
/imf(x)=0
x—0"

smi= f(A)= (O, —e*

tim f (x) = %e‘* (B2) 2
3

X—>—

4
® A3 = |:3_Tr,'|-|':|
4
Hf civen oWVey Ko Whoiwd@livotoa'eto A,

3T _\/E %T 3
f(T)‘7e i f<A3)=[o,§e4}
f(m)=0

EtTopévwe 10 ouvoAo Tipwy Tng f eival

f(A)=f(A)ufQ,)uf(4,) 2 {0, %GT}
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A3. Oswpoupe Tn ouvaptnon @, M @ (X) =g (x)-f(x), xe[0, T].

¢ (x) =e™ -e*-nux =e*-(e¥™ - nux)

Mo xe[0, ] sivar nux<1<e®, apa ¢ (x)>0

E = chp (x) dx = J'(:T(e5X -e*-nux) dx = I:e5x dx - I;ex -NuX dx

m
0

o = Jonex g X dXx = Ion(ex)’.qpx dx = [e*-nux], - J?ex (Nux)” dx
=0-0- joﬂe" LolvX dx = —jon(ex)’-cuvx dx

=[eouvxhl + Ione"-(ouvx)’ dx =eT+1# jone"-(-npx) dx
=el t1f- J'Oﬂex-r]pxdx=e“ +1+ 1

: - - e’ +1
Eivai I=e" +1-1 < 20=e"+1 < 1= 5

E = Ee‘sx dx - Jonex-r]px dx

e -1 e"+1

5 2
_2e" -2 5e"+5
10 10

2e’ -5e™ -7

= T.U.
10 H
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3m ) 3m

A4. 16e “f(x)-e * (4x-3mMP? =82 <

_ 2
16f3T(rx) _ (4x 3::1T) 82 o
et et

16f(x)-(4x-31‘r)2=8\/§-e3‘1‘T o
16f (x) - [4(x- 37")}2 —8Z.et o

2 3m
16f (X) - 16(x- 37") =8J/2.e* o

3w
31T)2 _ 8J2.e4

4 16
2 3m

f(x)_( _3_-”) :Q.ej >

4 2

3m 2
f(x)_ Q 4= (X- 3_1T)

2 4
3m J2 @

H f TTapouciadel oAiKG PEYIoTO TO 7-e4, apa f(x)s7-e4 &

3m
f(x) - 72~e4 <0 kaiTo "=" 10XUEI yOVO YIO X = %Tn (1)

r 31T 2 nwn_mw of 4 — .IT

Eival |x - R >0 kaiTo "=" 1o0xUEl JOVO yIa X = e (2)

A6 (1) Kal (2) yia va IoXUEl N 1I00TNTA, TTPETTEl X = Tﬂ

Etropévwg n eCiowon €xel povadikn pida TRV X = Tﬂ



